We introduce a novel estimator of the covariation between asset returns based on intraday high-low price ranges, the so-called realized co-range. In a simulation study in which we include bid-ask bounce and non-synchronous trading, we find that for plausible levels of spreads and non-synchronous trading the realized co-range outperforms the realized covariance, which uses crossproducts of intraday returns. In an empirical study for the gold, bond and S&P500 futures, exhibiting low spreads and frequent trading, we find that the co-range and the realized covariance provide similar results in a volatility timing strategy before taking into account transaction costs. The correlations, and therefore the portfolio weights, implied by the realized co-range are less variable than those of the realized covariance which results in a better performance of the co-range after transaction costs.
Introduction
This paper develops a novel estimator of the daily quadratic covariation between asset returns, based on high-frequency intraday price ranges. This so-called realized co-range estimator combines two recent ideas that have revived the use of high-low ranges for estimating the volatility and covariance of asset returns. First, it employs the realized range, independently introduced by Martens and Van Dijk (2007) and Christensen and Podolskij (in press) , to estimate daily volatility by means of the sum of squared intraday price ranges. Second, it adopts the suggestion of Brandt and Diebold (2006) to use range-based volatility estimates of a portfolio and the individual assets to estimate their covariance.
The increasing availability of high-frequency asset price data has led to a rapidly expanding literature on the use of intraday prices to measure, model and forecast daily volatility, see Andersen et al. (2006) and McAleer and Medeiros (in press ) for recent reviews. Based on the theoretical results of Barndorff-Nielsen and Shephard (2002) and Andersen et al. (2001 Andersen et al. ( , 2003 , in the absence of microstructure noise the sum of squared intraday returns, called realized variance, is an unbiased and highly efficient estimator of the daily quadratic variation. The benefits of high-frequency data continue to hold in a multivariate context as intraday returns provide more accurate estimates of the daily covariance between asset returns. Barndorff-Nielsen and Shephard (2004) show that the realized covariance, that is, the sum of crossproducts of intraday returns, converges in probability to the quadratic covariation.
The economic value of using realized covariances in a volatility timing strategy has been explored by Fleming et al. (2003) and De Pooter et al. (in press) , who find that a risk-averse investor is willing to pay between 50 and 200 basis points per annum to switch from covariance measurement based on daily data to intraday data.
Intraday price ranges have only recently been considered for the purpose of estimating daily volatility. This might appear surprising, given that it has been known since Parkinson (1980) that the high-low range is considerably more efficient as an estimator of volatility than the squared return, with a variance that is five times smaller. Martens and Van Dijk (2007) and Christensen and Podolskij (in press) exploit this result for developing an estimator of daily volatility based on intraday ranges. One possible reason for ignoring the range in the context of high-frequency data is that the extension to the multivariate case, that is, to estimate the covariation between asset returns, was an unresolved challenge until the recent proposal by Brandt and Diebold (2006) . This exploits the fact that, under no-arbitrage conditions, the covariance between two assets can be expressed in terms of their individual variances and the variance of a portfolio of the two assets. The rangebased covariance estimator is then obtained by using daily price ranges to estimate these variances. The main contribution of this paper is to combine these two ideas to provide an intraday range-based covariance estimator. In particular, we employ the realized range of Martens and Van Dijk (2007) and Christensen and Podolskij (in press) for estimating the daily volatilities that enter the co-range estimator of Brandt and Diebold (2006) , which results in the novel realized co-range estimator.
Market microstructure effects pose a serious challenge to the use of high-frequency data. In the univariate case, realized volatility estimators are mainly affected by bid-ask bounce, which renders the standard realized variance estimator biased and inconsistent. This has led to several proposals for bias-corrected realized volatility estimators on the one hand, and for determining the optimal sampling frequency on the other hand.
1 As discussed in Martens and Van Dijk (2007) and Christensen and Podolskij (in press) , the realized range estimator in addition suffers from infrequent trading. This causes a downward bias as the observed minimum and maximum price over-and underestimate the true minimum and maximum, respectively. In the multivariate case, the greatest concern for realized covariance estimators is the presence of non-synchronous trading. As a result of assets trading at different times, estimates of their covariance will be biased towards zero. This so-called Epps (1979) effect becomes worse with increasing sampling frequency. The impact of microstructure noise on the realized covariance estimator has recently received a considerable amount of attention. For recent contributions we refer to Bandi and Russell (2005) , Sheppard (2005) , Hayashi and Yoshida (2005) , Bandi et al. (in press ), Griffin and Oomen (2006) , Zhang (2006) and Voev and Lunde (2007) .
In this paper we propose the use of an additive bias-correction for the realized co-range, where we add the average difference between the covariance estimates based on daily ranges and on intraday ranges over the previous Q trading days to the standard realized co-range estimate. The main advantage of this additive bias-correction is that it deals with the "net" bias that arises due to different possible microstructure effects. This contrasts to many other bias-corrections that have been put forward in the context of range-based volatility estimators, which typically correct only for a single source of bias such as infrequent trading, see Rogers and Satchell (1991) and Christensen and Podolskij (in press ) for examples.
We assess the performance of the realized co-range estimator by means of extensive simulation experiments and an empirical application. In the simulations we start from an idealized continuous-time setting without microstructure noise, where we find that the realized co-range outperforms the returns-based realized covariance estimator, as expected. In more realistic settings that incorporate bid-ask bounce, infrequent trading and non-synchronous trading, we find that the impact of the different microstructure effects is reduced successfully by using the additive bias-correction. The bias-corrected realized co-range is more efficient than the corrected realized covariance estimator for plausible levels of noise, as is the case for the uncorrected daily co-range compared to the daily covariance estimator.
In the empirical application we focus on the economic value of high-frequency intraday ranges for estimating covariances. We adopt the framework developed by Fleming et al. (2003) and use the realized co-range in a dynamic volatility timing strategy for constructing mean-variance efficient portfolios consisting of futures on stocks, bonds and gold. Sampling at the popular 5-minute frequency, we find that the bias-corrected realized co-range and realized covariance estimators provide similar results in terms of portfolio return and risk, before transaction costs. At first sight, this indicates that both estimators render similar (co)variance dynamics. Closer inspection reveals that the correlation estimates obtained from the realized co-range are less 'noisy' than those resulting from the realized covariance. In the volatility timing strategy this causes less variation in the realized co-range portfolio weights, which implies lower turnover and, hence, lower transaction costs. Taking transaction costs into account, we find that a mean-variance investor would be willing to pay 50 to 60 basis points per annum to switch from the realized covariance to the realized co-range.
The remainder of this paper is organized as follows. In Section 2 we discuss the realized (co-)variance and realized (co-)range estimators. In Section 3 we use Monte Carlo simulations to analyze the properties of the realized (co-)range and realized (co)variance estimators in the presence of noise. In Section 4 we consider the empirical application to volatility timing strategies. We conclude in Section 5.
Volatility and covariation estimators
The traditional way to estimate daily volatility ex post is by means of the daily squared return. Although this estimator is unbiased, it also is very noisy and has a high variance. In order to improve accuracy, high-frequency intra-day returns may be used. Dividing day t into M non-overlapping intervals of length ∆ = 1/M , the realized variance estimator is given by
where P t−1+m∆ is the asset price at the end of the m-th interval on day t. In the absence of noise and under weak regularity conditions for the stochastic log-price process, the realized variance is an unbiased and consistent estimator of the daily integrated variance, see Barndorff-Nielsen and Shephard (2002) and Andersen et al. (2003) , among others.
Further efficiency gains can be achieved by exploiting the superior properties of the range as a volatility proxy compared to squared returns. In particular, Martens and Van Dijk (2007) and Christensen and Podolskij (in press ) define the realized range as the sum of intraday price ranges, that is,
where the high price H t,m and the low price L t,m are defined as the maximum and minimum, respectively, of all transaction prices observed during the m-th interval on day t. Assuming that the asset price P t follows a geometric Brownian motion with constant instantaneous variance σ 2 , the variance of the realized range estimator is equal to 0.407σ 4 ∆ 2 , compared to 2σ 4 ∆ 2 for the realized variance. Hence, the variance of the realized range is approximately five times smaller than the variance of the realized variance estimator. Christensen and Podolskij (in press) show that the realized range remains consistent and relatively efficient in case volatility is timevarying, requiring only mild assumptions on the stochastic volatility process σ t .
Realized covariance and realized co-range
The intraday return-based realized variance in (1) provides an efficient estimator for the variances of individual asset returns. Similarly, the realized covariance between assets i and j can be obtained by summing cross-products of intraday returns,
where r t,i,m is the return on asset i during the m-th interval on day t. BarndorffNielsen and Shephard (2004) study the properties of the realized covariance, showing that it is consistent for the daily integrated covariation under mild regularity conditions. Brandt and Diebold (2006) introduce a simple but effective way to estimate the covariance by combining range-based estimates of the variances of two individual assets and of a portfolio composed of these assets. Consider a portfolio of assets i and j with weights λ i and λ j = 1 − λ i , with asset returns denoted as r i and r j . The variance of the portfolio return r p ≡ λ i r i + λ j r j is given by
such that, after rearringing
The daily co-range estimator of Brandt and Diebold (2006) is obtained by using the daily high-low range of the corresponding prices of the portfolio and the individual assets as estimators of three variances on the right-hand side of (4). Brandt and Diebold (2006) find that, in the absence of noise, the efficiency of the daily co-range is between that of the realized covariance in (3) computed using 3-hour and 6-hour intraday returns. Furthermore, the daily co-range turns out to be robust to the effects of microstructure noise such as bid-ask bounce and asynchronous trading, which severely affect the realized covariance.
We combine the idea of using intraday ranges for estimating daily volatilities, with the idea of estimating the daily covariance from estimates of the volatilities of the individual assets and of the portfolio. Specifically, using the realized range defined in (2) for estimating the three variances on the right-hand side of (4), we obtain the realized co-range estimator
where RR p,t is the realized range of the portfolio, and RR i,t and RR j,t are the realized ranges of the individual assets. Each realized range is estimated using (2).
2 It is important to note that the high (low) price of asset i in a given intraday interval will probably be obtained at a different point in time than the high (low) price of asset j. The high-low range of the portfolio then is not the same as the weighted sum of the individual ranges. Therefore, it is necessary to construct a portfolio price path at the highest possible sampling frequency and estimate the realized range of the portfolio, RR p,t , using (2).
Bias-correction
As discussed in the introduction, market microstructure effects hamper the use of high-frequency data for estimating daily variances and covariances. First, both the realized variance in (1) and the realized range in (2) suffer from an upward bias due to the presence of bid-ask bounce. For example, when trading is continuous, the observed high price in a given interval is an ask and the observed low price is a bid with probability close to 1. The realized range therefore overestimates the true daily variance by an amount equal to the spread s times the number of intraday intervals M . Second, while infrequent trading does not affect the realized variance, it leads to a downward bias in the realized range. When the continuous underlying price process is only observed at discrete points in time, the observed high price
during a given intraday interval underestimates the true maximum. Similarly, the observed low price overestimates the true minimum. Corrections for the infrequent trading bias in range-based volatility estimators have been proposed by Rogers and Satchell (1991) and Christensen and Podolskij (in press ). Martens and Van Dijk (2007) suggest to deal with the "net" bias due to the combined effects of bid-ask bounce and infrequent trading on the realized range by applying a multiplicative bias-correction, see also Fleming et al. (2003) . Specifically, the scaled realized range is defined by
where RR t ≡ RR 1 t is the daily range. Hence, the multiplicative correction factor is the ratio of the average daily range estimator and the average of the realized range over the past Q days.
Although Martens and Van Dijk (2007) demonstrate that the multiplicative correction in (7) is quite effective in removing the bias in the realized range, here we consider an alternative, additive correction. This is motivated by observing that the presence of market microstructure effects is often represented by assuming that the observed log price p it is equal to the efficient log price p * it plus an additive noise term ε it :
where ε it is assumed to have zero mean and variance σ 2 ε . In this set-up, the realized variance based on observed returns r it converges to the true integrated variance plus a bias term determined by the covariance between p * it and ε it (which often is assumed to be zero, but see the discussion in Hansen and Lunde (2006) ) and the noise variance σ 2 ε . This suggests that we may use an additive bias-correction, and define a scaled realized variance estimator as
where RV t ≡ RV 1 t is the daily squared return. As discussed in Christensen et al. (2006) , deriving consistent estimators of the integrated variance based on intraday high-low ranges is difficult, if not impossible in the presence of general microstructure noise as in (8) . For that reason, we adopt a pragmatic approach and consider a realized range estimator with an additive bias-correction of the form (9), that is,
For covariance estimators based on intraday data, the most important microstructure effect is the occurrence of non-synchronous trading. Using returns or ranges over fixed intraday intervals results in covariance estimates that are biased towards zero.
This so-called Epps (1979) effect becomes worse with increasing sampling frequency, and in the limit the standard realized covariance and realized co-range estimators converge to zero. Most of the recent proposals for alternative high-frequency covariance estimators are in fact attempts to fix the downward bias due to non-synchronous trading, see Hayashi and Yoshida (2005) , Griffin and Oomen (2006) , Zhang (2006) , and Voev and Lunde (2007), among others. Here we limit ourselves to implementing the additive bias-correction discussed above for the realized co-range and realized covariance as well.
Monte Carlo simulation
In this section we investigate the performance of the realized co-range estimator in a controlled environment by means of Monte Carlo simulations. Throughout we compare the realized co-range estimator with the realized covariance estimator.
Of particular interest are the effects of different microstructure frictions on the two estimators and the usefulness of the additive bias-correction described in the previous section.
We simulate prices for two correlated assets for 24-hour days, assuming that trading takes place around the clock. For each day t, the initial prices for both assets are set equal to 1, and subsequent log prices for asset i = 1, 2 are simulated
where K is the number of prices per day. Initially we aim to approximate the ideal situation with continuous trading and no market frictions by simulating 100 prices per second, such that K = 8, 640, 000. Note that in this case price observations are equidistant and occur synchronously for the two assets. The shocks ε i,t+k/K are serially uncorrelated and normally distributed with mean zero and variance σ
where D is the number of trading days in a year, which we set equal to 250. The annualized standard deviations σ i of the log price processes are set equal to 0.20 and 0.40 (20% and 40%) for assets 1 and 2, respectively. The shocks ε 1,t+k/K and ε 2,t+k/K are contemporaneously correlated with correlation coefficient ρ, which we set equal to 0.50. We simulate prices for 5000 trading days in all experiments reported below.
We assess the potential merits of using intraday ranges for measuring (daily) comovement by computing both the realized co-range and the realized covariance for the prices simulated in the ideal setting as described above. To do so we divide the trading day into ∆-minute intervals, which is referred to as the ∆-minute frequency below. For example when ∆ = 5 we divide the 24-hour day into 288 five-minute intervals. For the realized covariance at this sampling frequency the cross-products of five-minute returns are summed to obtain the realized covariance at that frequency, as in (3). The realized co-range is computed using (5) as follows. For the two assets the high and low prices are computed per five-minute interval and the resulting five-minute squared ranges are summed to obtain the realized ranges for the day, as in (2). To obtain the realized range of a portfolio consisting of the two assets, we first compute the intraday prices of an equally-weighted portfolio setting λ i = 0.5, i = 1, 2, and assuming continuous rebalancing throughout the day.
3 Note that in this case we can compute exact portfolio prices at each instant, as the prices of the two assets occur synchronously. Second, the portfolio prices are used to compute the corresponding realized range in the usual way. This is then combined with the realized ranges for the two individual assets using (5) to compute the realized corange. We also consider the bias-corrected versions of the realized co-range and the realized covariance, computed according to (10) and (9), respectively. 4 In subsequent experiments with non-trading and bid-ask bounce, the characteristics of these microstructure frictions are identical for all trading days, such that in principle we 3 We perform a sensitivity analysis on the portfolio weights by experimenting with λ 1 = 0.1, 0.3, 0.5, 0.7, 0.9. We find that the choice of portfolio weights has only minor influence on the efficiency (RMSE) of the co-range estimator Detailed simulation results are available upon request. 4 We also considered an alternative bias-correction for the realized co-range, by computing it according to (5) but using the scaled realized ranges as defined in (10). This "indirect" bias-correction results in qualitatively and quantitatively similar results (which are available upon request) as the "direct" bias-correction reported in this section.
could use a large number of trading days Q to compute the additive adjustment factor to fully explore the possibilities of the bias-adjustment procedure. In practice, however, the characteristics of microstructure noise are likely to change over time and a smaller value of Q seems more appropriate. We therefore set Q = 66 throughout the simulations. The sensitivity of the results with respect to the value of Q is discussed in more detail below. For each selected frequency we compute the mean and Root Mean Squared Error (RMSE) for the various estimators of the assets' covariation, taken over 5000 simulated trading days. Results are presented in Table 1 .
-insert Table 1 about here -
The final row in this table, labeled ∆ = 1440 minutes, the realized range actually is the daily high-low co-range suggested by Brandt and Diebold (2006) , while the realized covariance equals the cross-product of daily returns. As expected the RMSE of the daily co-range is substantially lower at 4.044, compared to 8.830 for the crossproduct of daily returns. Note that the ratio of the MSEs is very close to 5, which is the ratio of the variances of the daily squared returns and daily ranges. Hence, the same efficiency factor seems to apply to the range-and return-based measures of covariation examined here. Similar to the findings of Brandt and Diebold (2006) , and Martens and Van Dijk (2007) , the realized covariance requires the 4-hour (240 minutes) frequency to achieve an RMSE that is comparable to the daily co-range.
Obviously in this case the RMSE of the realized co-range is always substantially lower than that of the realized covariance at the same frequency. Table 1 shows that the realized co-range is slightly downward biased for the highest frequencies (the true covariance equals 4). This is inherent to the nature of the high-low range: In case the price path is not observed continuously (in our case we observe 'only' 6000 prices per minute) the observed minimum and maximum over-and underestimate the true high and low prices, respectively, such that the observed range underestimates the true range. To investigate this problem in more detail Table 2 shows the results when infrequent trading occurs, such that the price is observed on average only every τ = 6 seconds.
5 That is, given the simulated paths underlying Table 1 , the probability to observe the price is equal to π = 1/(100τ ).
Price observations for the two assets occur independently, such that in addition to infrequent trading, we also observe prices non-synchronously. For computing the realized co-range estimator in this case we again employ an equally weighted portfolio with continuous rebalancing. The portfolio price is updated at each instant when a new price for one of the two assets occurs, combining this with the most recently observed (hence stale) price for the other asset.
-insert Table 2 about here -
The results for the realized co-range in Table 2 show that the RMSE first decreases when increasing the sampling frequency up to the 15-20 minute frequency.
Then it increases again for higher frequencies because the increase in the bias due to non-trading (and hence underestimating the range for each intraday interval) then outweighs the reduction in the standard deviation of the estimates. The realized covariance estimator is not affected by infrequent trading 6 but does suffer from nonsynchronous trading in terms of a downward bias. As a result at the 20-minute frequency, for example, the realized co-range still is a more accurate measure of co-movement than the corresponding realized covariance, but at frequencies higher than 10 minutes the realized covariance has a substantially lower RMSE than the realized co-range. Of course the exact frequency at which one estimator improves over the other will depend on the trading intensity. For example, when observing a price on average every second the realized co-range improves over the realized covariance up to the five-minute frequency. The results for RRCOV ∆ S,t in Table 2 demonstrates that bias-correcting the realized co-range eliminates the bias to a large extent but not completely, which is due to the fact that the daily co-range also is somewhat biased downward due to the infrequent and non-synchronous trading.
Next, we consider the effects of bid-ask bounce. For this purpose we assume that transactions take place either at the ask price or at the bid price, which are equal to the true price plus and minus half the spread, respectively. Hence, if a transaction occurs at t + k/K for asset i, the actually observed price P i,t+k/K is equal to P * i,t+k/K + s/2 (ask) or P * i,t+k/K − s/2 (bid), where s is the bid-ask spread and P * i,t+j/J is the true price obtained from (11). As in Brandt and Diebold (2006) , we set s = 0.0005 (or 0.05% of the starting price of 1) and assume that bid and ask prices occur equally likely. We also assume that the occurrence of bid and ask prices is independent across assets.
The results in Table 3 illustrate that, as expected, the realized co-range suffers from a pronounced upward bias, which gets worse as the sampling frequency increases. The bias in the realized co-range is caused by the fact that with continuous price observations the observed range for the individual assets will overestimate the true ranges by a quantity close to the spread, as the maximum price will be an ask and the minimum price will be a bid with probability close to 1. For the equallyweighted portfolio, the true range is overestimated by the bid-ask spread as well when trading is continuous. Hence, the net effect on the realized co-range in (5) is an upward bias. The realized covariance is not affected by bid-ask spread, which also is conform expectations. In this particular parameter configuration the realized corange outperforms the realized covariance up to the 45-minute frequency. For higher sampling frequencies the RMSE of the realized covariance is smaller. Bias-correcting the realized co-range works remarkably well, in the sense that the bias is removed completely and the RMSE values are almost brought back to the original level observed for RRCOV ∆ S,t in the ideal case without bid-ask bounce shown in Table 1 . For sampling frequencies of 10 minutes or lower, the RMSE of the bias-corrected realized co-range is smaller than the RMSE of the (bias-corrected) realized covariance.
-insert Table 3 about hereFinally, we consider the realistic situation where bid-ask bounce, infrequent trading and non-synchronous trading are jonitly present, combining the specifications for these two frictions as discussed before. Results of this experiment are shown in Table   4 . The realized co-range still suffers from an upward bias, but it is of a considerably smaller magnitude than in the case of bid-ask bounce only due to the off-setting negative bias induced by infrequent non-synchronous trading. As a result, the realized co-range now has a lower RMSE than the realized covariance up to the 10-minute frequency. In addition the overall minimum RMSE is obtained at 0.723 for the realized range at the 20-minute frequency. For the realized covariance the optimal frequency is the 2-minute frequency for which the RMSE is 0.476, considerably smaller than that for the optimal realized co-range. Also here we find that bias-correcting the realized co-range works adequately in removing the bias and bringing the RMSE of the RRCOV ∆ S,t estimator down to the levels originally observed in the case of no market microstructure frictions.
-insert Table 4 about hereFinally, as noted in the previous section, the number of trading days Q used to compute the correction factor for RRCOV ∆ S,t is a crucial choice to be made. If the trading intensity and the spread are constant over time, Q may be set large in order to gain accuracy. On the other hand, when the magnitude of these microstructure frictions varies over time, only the recent price history should be used and Q should be set fairly small. Figure 1 shows the RMSE of the bias-corrected realized co-range for the experiment with infrequent trading as a function of Q, with the rightmost point of each line showing the RMSE for Q = 5000 as given in Table 4 . The RMSE monotonically declines as q increases, but the largest gains occur up to Q = 100, beyond which the RMSE more or less stabilizes. Hence, our choice of Q = 66 does not seem unreasonable. Also note that the reduction in RMSE due to increasing Q is largest for higher sampling frequencies.
-insert Figure 1 about hereConcluding, the simulation experiments quite convincingly demonstrate the potential of the realized co-range as a measure of daily co-movement among assets.
In case of continuous trading and no market frictions it always improves upon the realized covariance when using the same sampling frequency. In reality trading is non-continuous and non-synchronous and observed prices are bid and ask prices.
In that case bias-correcting the realized co-range with the recent historical average (relative) level of the daily co-range is an effective procedure to remove the induced bias and restore the efficiency of the realized co-range.
Empirical application
In this section we study the empirical usefulness of the realized co-range by evaluating its performance in a volatility timing strategy, adopting the framework developed by Fleming et al. (2001 Fleming et al. ( , 2003 . We consider an investor who uses conditional meanvariance analysis for forming a portfolio with minimum variance given a specific target return. The portfolio is dynamic in the sense that optimal weights are recomputed daily. The investor follows a volatility-timing strategy, as the portfolio weights are based on a forecast of the conditional covariance matrix, while expected returns are held constant. We assess the merits of using the realized co-range to construct these forecasts, relative to the realized covariance. We also include their daily counterparts in the comparison. product of overnight returns to the realized covariance estimate in order to obtain a measure of the covariation during a complete 24-hour day. Both studies find that incorporating overnight returns adds information and increases the performance of the volatility timing strategy. We choose not to include the overnight returns, as adding the same overnight returns to both realized co-range and realized covariance estimators would diminish any differences in their overall performance. Since both estimators aim to estimate the integrated covariation they are already expected to behave similarly to a large extent.
Data
We use the nearby futures contract in each market and roll to the second nearby contract for gold and bonds when the nearby contract enters its final month. For stocks we roll to the second nearby contract at 13:30 pm (EST) on the 11th trading day in the final month. We assume that the investors rebalances her portfolio daily at 13:30 pm. For the daily return series that is used to evaluate the investment strategy, we use the last transaction prices occurring before that time. In case a contract is rolled forward on day t + 1 we use the price at 13:30 pm on day t of the 'new' contract to compute the daily return for day t + 1.
The intraday time grid spans the period 7:20 am -13:30 pm. We adopt the popular five-minute frequency for computing the realized (co-)range and realized (co-)variance. To compute the five-minute returns that are used in the latter estimator, we use the last transaction prices in each intraday interval. For the high-frequency volatility estimates, we use the complete intraday period. For the covariance estimates, we adopt the following two-step procedure of Fleming et al. (2003) . First, we construct volatilities and covariances for the contemporaneous time span of intraday data, from which we back out estimates of the correlations among the three assets.
Second, we convert these correlations back into covariances by using the realized variances and realized ranges for the whole day.
-insert Table 5 about here - Table 5 displays summary statistics for the annualized daily returns and the high-frequency volatility and correlation estimators. For all three assets we find that the mean of the realized range is lower than the mean of the realized variance, suggesting that infrequent trading is more important than bid-ask bounce for these futures contracts, such that the realized range is biased downward. As expected, the standard deviation of the realized range turns out to be substantially smaller than that of the realized variance. This carries over to the multivariate case, where we observe that the variation in the realized correlations estimated by means of the co-range is smaller than the variability in the correlations implied by the realized covariance. This indicates that the realized co-range is less 'noisy' than the realized covariance. Graphical support for this suggestion is given by Figure 2 . Although both estimators provide similar correlation patterns, the daily correlations based on the realized covariance show much more spikes than the correlations based on the realized co-ranges.
-insert Figure 2 about here -
Volatility timing
The investor uses conditional mean-variance analysis for forming a portfolio with minimum variance given a specific target return. The portfolio weights w t follow from solving the standard quadratic programming problem, where the portfolio variance (i.e. w t Σ t w t ) is minimized subject to a target portfolio return (w t µ = µ p ). The resulting minimum-variance weights are given by
where Σ t is the conditional covariance matrix for day t, µ t is the vector of conditional expected returns. In general, these unretricted portfolio weights do not add up to one. We include a risk-free asset (cash) with weight 1 − w t ι, where ι is a vector of ones, which makes the portfolio fully invested. Given that we want to focus on differences in the investment strategy's performance through the dynamics of Σ t , we keep the expected returns constant by setting µ t = µ, where µ is taken to be the vector of full-sample mean returns. Following Fleming et al. (2003) , we set the annualized target portfolio return µ p = 10% and assume a constant risk-free rate r f = 0.06%.
Implementing the volatility timing strategy requires an estimate of the conditional covariance matrix Σ t in (12). Following Fleming et al. (2003) , we use backward-looking 'rolling' estimators using an exponential weighting scheme, motivated by the work of Foster and Nelson (1996) and Andreou and Ghysels (2002) .
The general expression for the rolling daily conditional covariance estimator for day t is given by
where α is the decay rate and V t−1 is an estimate of the realized covariance matrix on day t − 1. Our main interest lies in the performance of the volatility timing strategy when using the realized (co-)range in (2) and (5) to construct V t−1 , compared to using the realized (co-)variance in (1) and (3). In order to reduce the effects of microstructure noise, we employ the bias-corrected versions of these estimators, as discussed in Section 2.2. For the additive bias-correction we set Q = 22, that is, we use a shorter history compared to the simulations in Section 3. This is motivated by the fact that the rolling estimator in (13) 'smooths' the realized estimators, which also reduces the effects of noise to a certain extent. To gauge the benefits of using intraday data, we also include estimators of V t−1 based on daily (close-to-open) returns and daily (co-)ranges.
The decay parameter α in (13) is estimated by maximizing the log-likelihood function corresponding with the model
where µ is the vector of daily expected returns, Σ t is the conditional covariance matrix obtained from (13), and z t ∼ N ID(0, I). The likelihood function is maximized using the complete sample period, as in Fleming et al. (2003) , although we use the first year of our sample as a burn-in period for the (co)variance dynamics. The daily portfolio weights (12) are based on the one day ahead forecast of the rolling covariance matrix estimator in (13). The daily realized returns of the portfolio are obtained as w t R t . Below we report the annualized average portfolio returns, volatility and the Sharpe Ratio (SR). Further we also keep track of the turnover of the portfolio using T O t = |w t − w t−1 | ι to provide insight into the transaction costs arising from daily rebalancing the portfolio. In addition, we compute the break-even costs, that is, the level of transaction costs that would reduce the profitability of the investment strategy to zero.
Empirical results
The rolling estimators based on the realized range and realized variance estimators, as well as their daily counterparts, result in similar volatility dynamics, as visualized in Figure 3 . The main difference appears to be that the range-based estimators in panels (a) and (c) show higher levels of stock volatility during periods of turmoil such as October 1987 and the Russia crisis in 1998.
-insert Figure 3 about here -
Larger differences between range-based and return-based rolling estimators are found in the behavior of the correlations, shown in Figure 4 . Although the general correlation patterns appear to be similar, the correlations based on the realized covariance or daily covariance are larger in absolute value and tend to fluctuate more widely than the range-based correlations. The larger stability of the rangebased correlations may in fact be an advantage. Not only an investor is likely to be reluctant to base her investment decisions on very volatile correlation estimators, a more stable correlation estimate will result in less daily variation in the portfolio weights, and hence lower transaction costs.
-insert Figure 4 about here -
The results in Table 6 show that over the whole sample ) the performance of the volatility timing strategy based on the rolling realized co-range and realized covariance estimators is very close. The realized co-range earns a slightly higher average return of 9.4% compared to 9.3% for the realized covariance. As the portfolio volatilities are the same at 7.2% annually, this result in Sharpe ratios that are close and equal to 1.31 and 1.30, respectively.
-insert Table 6 about hereAlthough the performance of the strategies based on the realized co-range and realized covariance are similar before transaction costs, the dynamics of the underlying portfolios are quite different. The portfolio weights shown in Figure 5 demonstrate that the realized co-range yields weights that are much less volatile than the realized covariance. The turnover generated by the realized co-range portfolio is equal to 5.9, substantially smaller than that of the realized covariance at 9.5. In terms of breakeven transaction costs, the realized co-range outperforms the realized covariance by 60 basis points.
-insert Figure 5 about hereConsistent with other high-frequency data studies, Table 6 illustrates that the use of intraday data leads to better estimates than the use of daily data. This holds for return and range-based intraday data. When we compare the performance of the daily covariance with the realized covariance sampled using 5-minute intervals we see that more precise (co)variance estimates increases the average return by 20 basis points to 9.3%. The risk of the portfolio, measured by the volatility of the portfolio returns, decreases from 7.4% to 7.2%, which is equal to the risk of the daily corange portfolio. The turnover decreases from 10.2 to 9.5, leading to slightly higher break-even transaction costs, an increase of almost 10 basis points per annum.
For the co-range the use of intraday data is even more profitable. Compared to the daily co-range, the realized co-range generates an average return that is 60 basis points higher, which comes at the same level of portfolio risk, such that the Sharpe ratio increases from 1.23 to 1.31. The most notable difference occurs in terms of turnover, which is substantially larger for the daily co-range (17.1) than for the realized co-range. This leads to larger transaction costs for the daily co-range, and results in a large difference in break-even transaction costs of more than 100 basis points (51.6 compared to 159.8).
Concluding, the use of the realized co-range in a volatility timing investment strategy has appealing economic advantages, especially when transaction costs are taken into account. The more precise covariance estimates that are obtained with high-frequency intraday ranges result in a more stable portfolio with smaller turnover and, thus, higher break-even transaction costs.
Conclusion
We have extended range-based covariance estimation with a novel high-low range estimator based on intraday data. The covariance between two assets is backed out from their individual variances and the variance of a portfolio of the two assets, where the realized range is used to estimate each of these variances. An additive bias-correction is suggested to remedy the effects of market microstructure noise due to bid-ask bounce, infrequent trading and non-synchronous trading.
Monte Carlo simulations show that the covariation of asset returns is estimated efficiently using intraday high-low price ranges. For plausible levels of bid-ask bounce and non-synchronous trading we find that the realized co-range improves over the realized covariance.
In the empirical study for the gold, bond and S&P500 futures, we find that the realized co-range and realized covariance provide similar results for a volatility timing strategy before taking into account transaction costs. The variability in the correlations implied by the realized co-range is substantially smaller than that of the realized covariance, leading to smaller variation in the portfolio weights whilst still providing a similar risk-return profile. After taking into account transaction costs, the realized co-range outperforms the realized covariance by 50 to 60 basis points per annum.
In future research it will be interesting to study the theoretical properties of the co-range. In addition alternative estimators based on intraday highs and lows and alternative bias-corrections could be explored, similar to existing studies on the realized covariance. Finally the empirical analysis could be applied to individual stocks, exhibiting more noise, and different sampling frequencies could be tested. Note: The table shows the results of a simulation experiment where 5000 days of 8,640,000 (log) prices (100 prices per second) are simulated from a bivariate normal distribution with mean zero, variance 4 and 16 and correlation 0.5, such that the true covariance is equal to 4. All prices are observed. For each day the realized co-range (RRCOV (10) and (9) with Q = 66 (with RR and RV replaced by RRCOV and RV COV ). Note: The table shows the results of a simulation experiment where 5000 days of 8,640,000 (log) prices (100 prices per second) are simulated from a bivariate normal distribution with mean zero, variance 4 and 16 and correlation 0.5, such that the true covariance is equal to 4. Subsequently, with probability π = 1/(100τ ) we observe a price and with probability 1 − π we do not, such that the price is observed on average only every τ seconds. The table reports results for τ = 6. Price observations are drawn independently for both assets. For each day the realized co-range (RRCOV Note: The table shows the results of a simulation experiment where 5000 days of 8,640,000 (log) prices (100 prices per second) are simulated from a bivariate normal distribution with mean zero, variance 4 and 16 and correlation 0.5, such that the true covariance is equal to 4. All prices are observed, but are converted to bid and ask prices (with equal probability) by either subtracting or adding half the spread s = 0.0005 (on a starting price of 1). The occurrence of bid and ask prices for the two assets is independent. For each day the realized co-range (RRCOV Note: The table shows the results of a simulation experiment where 5000 days of 8,640,000 (log) prices (100 prices per second) are simulated from a bivariate normal distribution with mean zero, variance 4 and 16 and correlation 0.5, such that the true covariance is equal to 4. Subsequently with probability π = 1/(100τ ) we observe a price and with probability 1 − π we do not, such that the price is observed on average only every τ seconds. The table reports results for τ = 6. The observed prices are converted to bid and ask prices (with equal probability) by either subtracting or adding half the spread s = 0.0005 (on a starting price of 1). The occurrence of price observations and bid and ask prices for the two assets is independent. For each day the realized co-range (RRCOV ∆ t ), the bias-corrected realized co-range (RRCOV ∆ S,t ), the realized covariance (RV COV ∆ t ), and the bias-corrected realized covariance (RV COV ∆ S,t ) are computed for various sampling frequencies shown in column 1. RRCOV ∆ S,t and RV COV ∆ S,t are obtained from (10) and (9) with Q = 66 (with RR and RV replaced by RRCOV and RV COV ). √ RV x represents the annualized realized volatility sampled at the 5-minute frequency. The realized correlations implied by the realized covariance (5 min) is denoted RV corr x,y . Note: This table summarizes the performance statistics of the volatility timing strategy based on the bias-corrected rolling estimators constructed from 5 minute return data (realized covariance) and 5 minute range data (realized co-range). The decay parameter α is estimated in a maximum-likelihood procedure. The annualized mean daily portfolio return is µ, σ is the corresponding volatility of the portfolio. TO measures the average absolute daily change in portfolio weights and is annualized. BETC represents the annualized break-even transaction costs (in basis points), which would reduce the profitability of the investment strategy to zero. 
